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The transverse spatial attributes of an optical beam can be decomposed into the position, momentum, and
orbital angular momentum observables. The position and momentum of a beam are directly related to the
quadrature amplitudes, while the orbital angular momentum is related to the polarization spin variables. In
this paper, we study the quantum properties of these spatial variables, using a representation in the Stokes-
operator basis. We propose a spatial detection scheme to measure all three spatial variables and, consequently,
propose a scheme for the generation of spatial Stokes-operator squeezing and entanglement.
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I. INTRODUCTION
Squeezed and entangled bright optical fields are essential
resources in the continuous-variable quantum optics and
quantum information communities 1. To date, the vast ma-
jority of research has focused on fields which exhibit non-
classical features on their amplitude and phase quadratures.
Recently, however, a number of papers have been published
on squeezing and entanglement of other field variables, in
particular the polarization 2,3 and spatial structure 4–7.
These variables can be directly related to momentum com-
ponents of the field. The quadrature amplitudes are associ-
ated with the transverse linear momentum of the field, while
the polarization states and spatial states considered to date
are respectively associated to the spin angular momentum
and the transverse angular momentum. We immediately see
why interaction of a polarization-squeezed field with an
atomic ensemble can yield atomic spin squeezing 8, and
why spatially entangled light can be used to test the Einstein-
Podolsky-Rosen EPR paradox with position and momen-
tum variables 6 as was originally proposed by Einstein
et al. 9.
The correspondence of nonclassical polarization and spa-
tial states to nonclassical momentum states immediately
raises the question of whether nonclassical orbital angular
momentum states can also be generated. Such states have
been under investigation for some time in the discrete-
variable regime. Techniques have been established to detect
the orbital angular momentum properties of single photons
10–12. Moreover discrete-variable multidimensional en-
tanglement between orbital angular momentum states has
been proposed 13,14 and demonstrated 15. However, to
date, nonclassical orbital angular momentum states have pri-
marily been investigated for the single-photon regime 16,
which is relevant in many applications 17–23. Discrete-
and continuous-variable systems differ significantly in terms
of measurement systems e.g., photon counting versus homo-
dyne detection and physical interpretations for quantum
entanglement e.g., the use of Bell’s inequality versus the
inseparability criterion. Our motivation is to investigate the
less-studied continuous-variable orbital angular momentum
quantum states, thereby proposing techniques for both gen-
eration and detection. Many applications have been proposed
for optical orbital angular momentum in the classical do-
main, ranging from the generation of counter-rotating super-
positions in Bose-Einstein condensates 24,25 and transfer
of orbital angular momentum from an atomic ensemble to a
light field 26, to optical angular momentum transfer to
trapped particles 27–29. It should be noted that light with
orbital angular momentum has also been applied to achieve
super-resolution imaging of molecules and proteins in bio-
logical systems, via techniques such as stimulated emission
depletion STED 30. Nonclassical orbital angular momen-
tum states offer the prospect of improving these processes
and generating nonclassical orbital angular momentum states
in macroscopic physical systems.
Hsu et al. 6 proposed EPR entanglement of the position-
momentum observables of optical fields, and this has re-
cently been experimentally observed 7. In these references,
entanglement was present only for one transverse axis of the
beam, and analysis only required consideration of the TEM00
and TEM01 modes. One of the strengths of entanglement in
the spatial domain is access to higher-dimensional spaces.
Here we extend the work in Refs. 6,7 to include both trans-
verse beam axes, in a formalism easily extended to higher-
order TEM modes. In the process, orbital angular momentum
is introduced as an entanglement variable in addition to beam
position and momentum. These quantum variables can be
represented on a spatial version of the Poincaré sphere
31–33 commonly used for analysis of polarization quantum
states. We propose a scheme to measure their signal and
noise properties, via a spatial Stokes detection scheme, and
finally introduce a scheme to generate spatial Stokes-
operator squeezing and entanglement. Recently, we also be-
came aware of an experimental demonstration of spatial-state
Stokes-operator entanglement and squeezing for optical
beams 34, thereby experimentally validating this theoreti-
cal treatment.
II. SPATIAL STOKES OPERATORS
Spatial quantum states exist in an infinite-dimensional
Hilbert space, which may be conveniently expanded in a
basis of TEMpq modes. After such an expansion the positive-
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frequency part of the electric field operator, Eˆ +r, can be
written explicitly in terms of the double-subscript sum
Eˆ +r = i 
20V

p,q=0

aˆpqupqr , 1
where aˆpq and upqr are the photon annihilation operator and
the normalized transverse beam amplitude function, respec-
tively, associated with the TEMpq mode. The photon annihi-
lation operator aˆpq can be formally defined with the projec-
tion of the transverse beam amplitude function with the
positive-frequency part of the electric field operator, given by
aˆpq = 

−
dxdyEˆ +x,yupqx,y . 2
Within this basis, it is natural to consider pairs of modes with
amplitude function that correspond to a physical  /2 rota-
tion in the transverse plane. That is, modes of the forms
TEMpq and TEMqp, with p and q interchanged pq. Pairs
of these forms are naturally described by a set of spatial
Stokes operators Sˆ i
p,q
, where i 0,1 ,2 ,3	, that can be rep-
resented by a Poincaré sphere 31 also note that this first-
order Poincaré sphere representation was generalized to
higher-order Poincaré spheres by Agarwal 33 and Calvo
32 in direct analogy to polarization Stokes operators 35,
as shown in Fig. 1.
Using the definition of the classical Stokes parameters
31, corresponding quantum-mechanical spatial Stokes op-
erators for fixed p and q are defined as
Sˆ0 = aˆpq
† aˆpq + aˆqp
† aˆqp,
Sˆ1 = aˆpq
† aˆpq − aˆqp
† aˆqp,
Sˆ2 = aˆpq
† aˆqpe
i + aˆqp
† aˆpqe
−i
,
Sˆ3 = iaˆqp
† aˆpqe
−i
− iaˆpq
† aˆqpe
i
, 3
where  is the phase difference between the TEMpq and
TEMqp modes. As in the case with polarization, the spatial
Stokes operators obey commutation relations. By using the
commutation relations of the photon annihilation and cre-
ation operators, aˆmn , aˆjk=mjnk, the Stokes-operator com-
mutation relations can be found to be
Sˆ i,Sˆ j = 2iijkSˆ k, 4
where ijk is the Levi-Civitá tensor.
Each Stokes operator characterizes a different spatial
property of the field. Sˆ0 represents the beam intensity, while
the Stokes vector Sˆ1 ,Sˆ2 ,Sˆ3 characterizes its transverse mo-
mentum. Sˆ1 and Sˆ2 respectively quantify the relative propor-
tions of horizontal to vertical transverse momentum and 45°
to −45° diagonal transverse momentum, while Sˆ3 weights
left to right orbital angular momentum.
The spatial Poincaré sphere can be fully spanned by spa-
tially overlapping two orthogonal TEMpq and TEMqp modes.
The diagonal modes, for example, are given by upq
45°r
=uqpr−upqr and uqp
45°r=uqpr+upqr, and respectively
yield Stokes vectors oriented along the negative and positive
Sˆ2 axis of the Poincaré sphere. The Laguerre-Gauss modes
LG0q with orbital angular momenta q and −q are given by
u0q
+l r=u0qr+ iuq0r and u0q
−l r=u0qr− iuq0r, yielding
Stokes vectors oriented along the Sˆ3 axis. For example, the
intensity distributions for the diagonal and Laguerre-Gauss
modes, generated from the combinations of TEM10 and
TEM01 modes, are shown in Fig. 2.
Since the diagonal and orbital modes can be generated
purely from two orthogonal TEMpq and TEMqp modes, only
by changing the phase between the modes, these sets of
modes obey the SU2-group properties. At this point, we
restrict our analysis to the TEM10 and TEM01 modes, for
illustrative purposes. In principle, our analysis is valid for all
orthogonal TEMpq and TEMqp modes.
III. SPATIAL STOKES DETECTION
Now that the spatial Stokes operators have been defined,
we consider a system for their detection. Analogous to polar-
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FIG. 1. Color online a Poincaré sphere representation based
on the spatial modes TEM10 and TEM01. S1 is the Stokes variable
for the u01r and u10r modes, S2 is the Stokes variable for the
u01
45°r and u10
45°r modes, and S3 is the Stokes variable for the
u01
+1r and u01
−1r modes. b Poincaré sphere representation for the
spatial Stokes operators. The shaded area indicates the quantum
noise associated with the mean amplitude of the Stokes operator.
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FIG. 2. Color online Intensity distributions for the modes
given by A u01
45°r=u01r+u10r, B u10
45°r=u01r−u10r, C
u01
+1r=u01r+ iu10r, and D u01
−1r=u01r− iu10r.
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ization Stokes-operator detection, the spatial Stokes detec-
tion requires two separate photodiodes, a modal phase shifter
and a mode separator MS.
A modal phase shifter is a device that introduces a relative
phase shift between the two orthogonal TEM10 and TEM01
modes. The modal phase shifter can be constructed using a
pair of cylindrical lenses with variable lens separation, as
shown in Fig. 3f. The pairing of cylindrical lenses intro-
duces an astigmatic Gouy phase shift between the TEM10
and TEM01 modes. In order to introduce  and  /2 modal
phase shifts, the lens separations are given by 2f and 2f ,
respectively, where f is the focal length of the cylindrical
lens. Reference 23 contains a detailed analysis of the  and
 /2 modal phase shifters.
A MS is a device that separates the two orthogonal TEM10
and TEM01 modes and can be constructed using an asymmet-
ric Mach-Zehnder interferometer 36, as shown in Fig. 3e.
Due to the odd and even numbers of reflections in each in-
terferometer arm, different interference conditions for the
TEM01 and TEM10 modes are present. The resulting outputs
from the interferometer are a separation of even and odd
defined along one spatial axis spatial modes 36.
Measurements of the total signal and noise, which corre-
spond to a measurement of Sˆ0, are given by the sum of the
photocurrents as shown in Fig. 3a. Measurement of Sˆ1 in-
volves taking the subtraction between the photocurrent out-
puts corresponding to mode components TEM10 and TEM01,
as shown in Fig. 3b. Measurement of Sˆ2 involves subtrac-
tion of the diagonal mode components and is obtained by
phase shifting one mode by  with respect to the other and
then taking the subtraction of the photocurrent signals, given
in Fig. 3c. Sˆ3 is measured by decomposing the Laguerre-
Gauss mode into its TEM10 and TEM01 modes using  and
 /2 modal phase shifters, as shown in Fig. 3d.
The photon annihilation operators in Eq. 3 can be writ-
ten in the form aˆpq=	pq+aˆpq, where 	pq describes the mean
amplitude part and aˆpq is the quantum noise operator. Using
the linearized formalism, where second-order terms in the
fluctuation operator are neglected i.e., 
	pq
2
 
aˆpq
2 
, the
mean amplitudes of the Stokes operators in Eq. 3, in terms
of the TEM10 and TEM01 modes, are therefore given by
Sˆ0 = 	10
2 + 	01
2
= N ,
Sˆ1 = 	10
2
− 	01
2
,
Sˆ2 = 2	10	01 cos  ,
Sˆ3 = 2	10	01 sin  , 5
where 	01 and 	10 are the mean amplitude terms correspond-
ing to modes u01r and u10r, respectively. Sˆ0=N is the
total mean number of photons, Sˆ1 is the difference in the
mean number of photons in the u10r and u01r modes, Sˆ2
is the difference in the mean number of photons in the u01
45°r
and u10
45°r modes, and Sˆ3 is the difference in the mean
number of photons in the u01
+1r and u01
−1r modes.
The Stokes operators of Eq. 3 can be expanded in terms
of quadrature operators with the general form Xˆ apq

=e−iaˆpq+e
iaˆpq
†
, and their variances are then given in
general by
Sˆ02 = 	10
2 Xˆ a10
+ 2 + 	01
2 Xˆ a01
+ 2
+ 2	10	01Xˆ a10
+ Xˆ a01
+  ,
Sˆ12 = 	10
2 Xˆ a10
+ 2 + 	01
2 Xˆ a01
+ 2
− 2	10	01Xˆ a10
+ Xˆ a01
+  ,
Sˆ22 = 	10
2 Xˆ a01
− 2 + 	01
2 Xˆ a10
 2
+ 2	10	01Xˆ a01
− Xˆ a10
  ,
Sˆ32 = 	10
2 Xˆ a01
−+/22 + 	01
2 Xˆ a10
−/22
+ 2	10	01Xˆ a01
−+/2Xˆ a10
−/2 , 6
where Xˆ apq
+
=Xˆ apq
=0 and Xˆ apq
−
=Xˆ apq
=/2 are, respectively, the am-
plitude and phase quadrature operators of the TEMpq mode.
Nonclassical optical orbital angular momentum states can
be constructed by spatially overlapping a set of orthogonal
nonclassical TEMpq fields, in analogy to the work in Refs.
6,7 for transverse spatial entanglement. In such a scenario,
no correlations should exist between the quadratures of the
different input fields, such that Xˆ a10
1 Xˆ a01
2 =0 ∀1 ,2	.
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FIG. 3. Color online Measurements of a Sˆ0, b Sˆ1, c Sˆ2,
and d Sˆ3. e An example of a MS is an asymmetric Mach-
Zehnder interferometer. f The  and  /2 modal phase shifters
could be constructed using a pair of cylindrical lenses with lens
separations given by 2f and 2f , respectively. f is the focal length
of the cylindrical lenses, M is a mirror, and 50:50 BS is a symmetric
nonpolarizing beam splitter.
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Making this assumption, which we will adopt henceforth, the
variances of the Stokes operators are simplified to
Sˆ02 = 	10
2 Xˆ a10
+ 2 + 	01
2 Xˆ a01
+ 2 ,
Sˆ12 = 	10
2 Xˆ a10
+ 2 + 	01
2 Xˆ a01
+ 2 ,
Sˆ22 = 	10
2 Xˆ a01
− 2 + 	01
2 Xˆ a10
 2 ,
Sˆ32 = 	10
2 Xˆ a01
−+/22 + 	01
2 Xˆ a10
−/22 . 7
Note that to detect the relevant Stokes operator i.e., sat-
isfying the commutation relation given in Eq. 4 in a beam
possessing mixed orbital angular momentum states i.e.,
states with different orbital angular momentum values, the
relevant mode corresponding to the Stokes operator of inter-
est has to be spatially separated. This can be performed via
the use of a tailored beam separator e.g., an optical resona-
tor in resonance with the mode corresponding to the Stokes
operator of interest, followed by spatial Stokes-operator
analysis using the scheme shown in Fig. 3.
IV. SPATIAL STOKES SQUEEZING
An examination of Eq. 7 shows that simultaneous
squeezing of at least two spatial Stokes operators is possible,
using two quadrature-squeezed input fields. Hence, a spatial
Stokes squeezed state can be used to enhance relative mea-
surements of momentum variables along multiple axes. This
is best illustrated by considering a few examples.
Simultaneous squeezing of Sˆ0, Sˆ1, and Sˆ2 can be achieved
through the in-phase =0 spatial overlap of amplitude-
squeezed TEM10 and TEM01 modes i.e., Xˆ a10
+ 21 and
Xˆ a01
+ 21. This spatial squeezed state could be com-
bined with a bright TEM00 beam to allow enhanced measure-
ments of the transverse momentum of the TEM00 beam along
any axis on the Poincaré sphere within the plane formed by
Sˆ1 and Sˆ2. Simultaneous squeezing is exhibited along the
horizontal and vertical axes and the diagonal and antidiago-
nal axes.
Squeezing of Sˆ0, Sˆ1, and Sˆ3 can be achieved by overlap-
ping amplitude-squeezed TEM10 and TEM01 modes with
phase difference = /2. The combination of this spatial
squeezed beam with a bright TEM00 beam would simulta-
neously enable sub-shot-noise relative measurements of
transverse momentum between the horizontal and vertical
axes, as well as left- and right-handed orbital angular mo-
menta of a TEM00 beam 5.
To achieve quantum enhanced measurements of trans-
verse momentum between the diagonal and antidiagonal
axes, as well as between left- and right-handed orbital angu-
lar momenta of a TEM00 beam, would require squeezing of
Sˆ2 and Sˆ3. This can be achieved by overlapping quadrature-
squeezed TEM10 and TEM01 modes, at squeezed quadrature
angle of  /4 i.e., Xˆ a10
/421 and Xˆ a01
/421 and 
= /4.
Phase-squeezed TEM10 and TEM01 modes i.e.,
Xˆ a10
− 21 and Xˆ a01
− 21 will yield squeezing of
Sˆ22 only.
V. SPATIAL STOKES ENTANGLEMENT
Spatial Stokes entanglement can be generated as shown in
Fig. 4. Two squeezed TEM10 beams, labeled respectively by
the subscripts x and y, are combined with a  /2 relative
phase shift on a 50:50 beam splitter. The beams after the
beam splitter, also in TEM10 modes, exhibit the usual
quadrature entanglement. Two spatial mode combiners, each
consisting of a spatial mode separator as shown in Fig. 3e
in reverse, are then used to combine the quadrature-
entangled beams with bright coherent TEM01 beams, labeled
here aˆ01,x and aˆ01,y, respectively. As we will show here, the
resulting output beams are entangled in the spatial Stokes-
operator basis. Experimental verification of the spatial
Stokes entanglement can be performed using the detection
scheme described in Secs. III and IV.
To verify the existence of spatial Stokes entanglement, we
will use the generalized version of the Duan inseparability
criterion 37 given in Ref. 3. This criterion provides a
sufficient condition for entanglement and is given by
xy
2 Aˆ + xy
2 Bˆ  2
Aˆ ,Bˆ 
 , 8
where Aˆ and Bˆ are two general observables, and xy
2 Oˆ
=minOˆ xOˆ y2. The degree of inseparability IAˆ ,Bˆ  is
then given by 3
IAˆ ,Bˆ  = xy
2 Aˆ + xy
2 Bˆ
2
Aˆ ,Bˆ 

, 9
where IAˆ ,Bˆ 1 indicates an inseparable state.
Assuming for simplicity and symmetry i.e., both beams x
and y are identically interchangeable that 	01,x=	01,y =	01
and 	10,x=	10,y =	10 and using Eqs. 4 and 5, we find
the inseparability criteria between spatial Stokes operators
given by
squeezed
beam
50:50 BS
squeezed
beam
MS
coherent
beam
MS
coherent
beam
OPA
OPA
spatially
entangled
a10,x
a01,x
a10,y
a01,y
MS
MS
-
-
+/-π π/2
a) b)
Si,x
Si,y
measurement
device
∆xySi2
FIG. 4. Color online Scheme for generation and characteriza-
tion of spatial Stokes entanglement. 50:50 BS is a symmetric non-
polarizing beam splitter;  and  /2 are modal phase shifters.
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ISˆ1,Sˆ2 =
xy
2 Sˆ1 + xy
2 Sˆ2
8
	10	01 sin 

,
ISˆ3,Sˆ1 =
xy
2 Sˆ1 + xy
2 Sˆ3
8
	10	01 cos 

,
ISˆ2,Sˆ3 =
xy
2 Sˆ2 + xy
2 Sˆ3
4
	10
2
− 	01
2 

. 10
The correspondence between spatial Stokes and quadra-
ture entanglement becomes obvious when we express the
spatial Stokes-operator conditional variance xy
2 Sˆ i in terms
of quadrature operators. Making the assumption that 	10
	01 and using Eq. 6 gives
xy
2 Sˆ1 = 	01
2 xy
2 Xˆ a01
+
,
xy
2 Sˆ2 = 	01
2 xy
2 Xˆ a10

,
xy
2 Sˆ3 = 	01
2 xy
2 Xˆ a10
−/2
. 11
Substituting these expressions into Eq. 10 gives
ISˆ1,Sˆ2 =
	01
8	10
sin 

xy
2 Xˆ a01
+ + xy
2 Xˆ a10
  , 12
ISˆ3,Sˆ1 =
	01
8	10
cos 

xy
2 Xˆ a01
+ + xy
2 Xˆ a10
−/2 , 13
ISˆ2,Sˆ3 = 14 xy2 Xˆ a10
 + xy
2 Xˆ a10
−/2 . 14
An inspection of Eqs. 12–14 shows that in the limit
considered here only spatial Stokes entanglement between Sˆ2
and Sˆ3 can be realistically attained. This is because the in-
separability criteria of Eqs. 12 and 13 scale with respect
to 	01 /	10. Since 	01 /	10
1, the correlation in Xˆ a01
+ and Xˆ a10

has to be significantly reduced below 1, in order to maintain
inseparability. On the other hand, we see that after setting
=0, Eq. 14 reduces to
ISˆ2,Sˆ3 = 14 xy2 Xˆ a10
+ + xy
2 Xˆ a10
−  , 15
so that quadrature entanglement between the TEM10 modes
is transformed directly into spatial Stokes entanglement be-
tween the Sˆ2 and Sˆ3 spatial Stokes operators.
VI. CONCLUSION
We have identified the relevant spatial modes for optical
beam position, momentum, and orbital angular momentum.
We formalized the quantum properties of these observables
using the Stokes-operator formalism and presented a graphi-
cal representation of these variables using the Poincaré
sphere. A spatial Stokes detection scheme was described and
schemes for generation of spatial Stokes-operator squeezing
and entanglement were proposed.
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